Various methods of representation theory of modular Lie algebras are improved. As an application the structure of the Lie algebras having a faithful irreducible module of dimension < p is determined. Applications to the classification theory of modular simple Lie algebras are given.
Introduction
In this note we investigate finite dimensional Lie algebras over an algebraically closed field F of characteristic p > 3 , which admit a faithful irreducible representation of dimension < p . This problem arises in a more specific form in the classification theories both of Block-Wilson [6] and Benkart-Osborn [2] . They derive the structure of these algebras under various additional assumptions, which naturally arise in the context of classification theory. Our more general approach yields some structural insight, which in turn simplifies those proofs and should also be useful for further progress in the classification theory.
In [10, 11, 12] semisimple Lie algebras having a faithful representation of dimension less than p have been fully determined. One cannot expect to get results of the same completeness in the more general situation, since the mass of examples makes it hard to describe them by means of general concepts. This reflects the fact that the strong argument on traces fails to hold, whenever the module under consideration has dimension > p .
In §1 we list results and methods which have been developed during the last twenty years and now enable us to attack the problem. Some of them were improved. In §11 an appropriate (but unusual) concept of a socle is introduced. We describe the structure of the investigated Lie algebras in terms of this socle. In §111 we restrict ourselves to Lie algebras of toral rank one with respect to some Cartan subalgebra (CSA) H and then obtain a complete determination of all these algebras. This paper was written while the author was visiting the University of Wisconsin. I would like to take the opportunity and thank Georgia M. Benkart and J. Marshall Osborn for their hospitality and support.
I. General results
In this section we will for convenience state and prove some results which we will refer to in the sequel. These results describe the structure of Lie algebras and modules in the presence of some (quite natural) assumptions. We always consider Lie algebras L finite dimensional over an algebraically closed ground field F of characteristic p > 3 . Let Bx, Cx be minimal left ideals of B and C, respectively. Then Bx <g> C, is a minimal left ideal of B ® C. As an irreducible B ® C-module, U is module-isomorphic to BX®CX. With the same reasoning, any irreducible Sxsubmodule of U is an irreducible ß-module isomorphic to Bx as a 5-module. This proves the result. D
In [4] Block and Zassenhaus proved a similar result for the direct sum of Lie algebras.
Recall the Blattner-Dixmier theorem on induced representations. Although this theorem is stated in [7] only for Lie algebras over a field of characteristic 0, Block-Wilson [6] have pointed out that it is true with only the obvious changes for the following situation:
Let L be a restricted Lie algebra, / an ideal of L and p: L -► gl(U) an irreducible representation. Then p admits a character S e L* such that
Let U0 be an irreducible /-submodule of U and put Ufl) the sum of all /-submodules of U isomorphic to UQ. Put G = G(I, U0) := stab(L, Ûfl)) = {x e L\p(x)IffI) c Úfj)}.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use For a restricted Lie algebra L and S e L* we consider the ideal J of U(L) which is generated by the set of (central) elements {xp -x -S(x)p 1 \x e L} c U(L). Put For further references we state the following corollary. Theorem 3. Let L be a (nonrestricted) Lie algebra and I an ideal of L. Suppose L has a faithful irreducible representation p: L -* gl(U) with dim U < p2. Let U0 be an irreducible I-submodule of U. Then dimÚfl) < p or U0 is a faithful I-module.
Proof. Let Lp denote the p-envelope of p(L) in gl(U). Note that p(I) is an ideal of Lp . If dim U0(I) > p . then since dim U < p2 Theorem 2 yields U = UQ(I). Therefore U = ¿~2W¡ is the sum of irreducible /-modules isomorphic to U0 . If x e I annihilates U0, then p(x)(U) = Y,Pix)iWl) = 0.
The faithfulness of p gives the result. Q If in Theorem 2 the ideal / is assumed to be abelian we have the following more detailed description. Let L denote the p-envelope of p(L) in gl(U).
Lemma 4. Let I be an ideal of a (nonrestricted) Lie algebra L and assume that p: L -» gl(U) is an irreducible L-module.
(1) If I acts nilpotently on some nonzero I-submodule then I c ker(p).
(2) // r ' c ker(p) then there exists Eel* such that for all x e I, p(x) -E(x) id ¿s nilpotent. Proof. ( 1 ) Since / acts nilpotently on some /-submodule U' ^ (0), there is a nonzero vector annihilated by p(I). Put U0 = {u e U\p(x)u = 0 Vx e 1}. This is an L-submodule and nonzero. Hence U0 = U, proving / c ker(p).
(2) Decompose U into weight spaces with respect to p(I). Since / is an ideal and hence acts nilpotently on p(L) these weight spaces are L-submodules. The irreducibility of U entails the existence of some mapping E: I -> F such that p(x) -E(x) id is nilpotent for all x e I. Since p(I) is abelian there is a common eigenvector u ^ 0. Then E(x + ay)u = p(x + ay)u = p(x)u + ap(y)u = E(x)u + aE(y)u for all x, y e I, a e F . Therefore E is linear.
(3) Clearly U0 is one-dimensional and Úfl) = {ue U\p(x)u = E(x)u Vx e /}.
Take any g e G(I, Uf = {h e Lp\hUfI) c Ûfl)}. Then we have for u e UfI) and xel As a result of Lemma 4 we obtain that whenever L has a noncentral abelian ideal, only the first case of Theorem 3 can occur.
Actually, we want to derive some general information about both cases. To do this we recall the following notation.
Any linear mapping tp: L -► End( (7) is said to be aprojective representation,
Let ^4(zz; 1) denote the truncated polynomial ring F[Xx,...,Xn]/(Xp,...,Xp) and W(n; 1) = Der(A(n ; 1)) the restricted Jacobson-Witt algebra.
For any finite dimensional associative algebra A , Jac(A) denotes the maximal nilpotent ideal of A .
The following improves a result of [13] .
Theorem 5. Let I be an ideal of the restricted Lie algebra L. Assume that p: L -» gl(U) is an irreducible representation. Let UQ be an irreducible Isubmodule and put B equal to the subalgebra of End(L) generated by p(I).
The following cases can occur. Let Bx, C, be minimal left ideals of B and C, respectively. Then U = BX®CX and U0 = Bx . The above also shows that C, is an irreducible projective L//-module. Since B is simple, U decomposes into a direct sum of irreducible modules isomorphic to U0 . Theorem 2 yields L = G(I, Uf . We also may apply the first part of the theorem to the second: Let p: L -> gl(U) be an irreducible representation of the restricted algebra L and assume that / is an ideal of L such that L f= G(I, U0) := G for some /-submodule U0 . Then Theorem 2 proves that U is induced from the irreducible G-module Ufl). Applying Theorem 5 to p: G -> gl(U0(I)), we see that the first case occurs. Hence U0(I) is the tensor product of U0 with some irreducible projective G//-module.
The problem, how to describe restricted Lie algebras having a suitable large subalgebra (which occurs if L ^ G(I, Uf), was dealt with in [9] . Recall that i=l |a|>Zr+l denotes the canonical filtration of W(n; 1). Definition [9] . A subalgebra 5 of W(n ; 1) is called essential, if S+ W(n ; 1)(0) = W(n; 1). Theorem 6 [9] . Let L be a restricted Lie algebra and G a restricted subalgebra of codimension n . Then there exists a restricted homomorphism tp: L^ Win; 1) such that (1) cp(L) is an essential subalgebra of W(n ; 1). (2) ker(cp) is the unique maximal ideal of L which is contained in G.
(3) tp(L) n W(n ; 1)(0) = cp(G).
It will come out that in this note the essential subalgebras of W(l;\) are of major importance. We improve the results on these algebras given in [9] . Semisimple Lie algebras having a faithful representation of dimension < p have been determined in [10, 11, 12] . We improve on the results of those papers. 
Assume that S has an abelian ideal 1^0. According to (1.4) this implies dim U > p , a contradiction. This proves rad(S) = 0. We can now apply the results of [10, 11, 12] and obtain (!)• (2) If Ax = W( 1 ; 1) the result is known. If A¡ is classical and by assumption has a faithful irreducible module of dimension < p it has a nondegenerate trace form. Then all derivations are inner [3] . (3) 
Proof. We prove both assertions simultaneously, by putting K0 = rad(L) in case of (2). Since K{ is not solvable, we also have Kx çf KQ in this case. Suppose K0 is an ideal with Kx çt K0. The minimality of KX/C(L) implies that ^n^c C(L). Then
Let V be an irreducible (A^0 + Kx )-submodule of U and U¡ irreducible K¡-submodules of F (i = 0, 1). According to (1.1) and our general assumption this yields p2 > dim U > dim V = (dim c70)(dim Í7, ). (1) S¡l)=S¡, C(L)f)S¡ = 0, S i is a minimal ideal of L (i > 1). where R' is simple and has a faithful irreducible module of dimension <p.
Proof, (a) According to (II. 1, Corollary) we may assume that U0 is not a faithful module and that R{i) n C(L) = 0. Therefore R = R{1) is L-irreducible. [5] yields the existence of zz > 1 such that R = R' <g> ,4(zz ; 1) for some simple algebra R'.
The imbedding R' = R' ® F gives rise to a faithful representation of R' in U0 of dimension < p .
(b) We may consider L as contained in gl(U) and put Lp the p-envelope of L in gl(U). Lp acts on R as an algebra of derivations. Since according to (a) (II.l) is applicable we obtain Der(R') = adR'. As Der(R') = R' (II. 1 ) and Der(R) = Der(R') ® A(n ; 1) + F id ® W(n ; 1) [5] , there exists a mapping f:Ln-*R such that j p ad(b-f(b))\ReFid® W(n; I) VbeLp. (c) Next we apply (1.2) with G = G(R, Uf ,
Since U0 is assumed not to be faithful, we obtain dim UfR) < p and dim L IG = 1.
Note that in accordance with (II.l) and Ä(1) = R, the solvable ideal Qx annihilates U0 and therefore U0(R). Since Qx is a maximal ideal of R it is the exact annihilator. U0(R) is a (/-module. We obtain [G, Qx] 
Proof, (a) Assume that C(L) is the only abelian ideal of L. If S(L) = C(L)
then by definition L/C(L) is a semisimple algebra having no minimal nonabelian ideal, i.e. L/C(L) = (0). We may therefore assume that rad(L) Ĉ (L). Since C(L) is assumed to be the only abelian ideal we have C(L) ^ 0. In this situation we can apply the methods developed in [13] as follows.
(b) Let / be the ideal of L maximal with the property /(1) C C(L) and take U0 to be an irreducible /-submodule. Since / is nonabelian, we have dimt/0 > p and hence UQ is faithful (1.3). This implies dimC (7) This theorem shows that K = C(S(L)) is contained in S(L) and L/K may be considered a subalgebra of Der(S(L)). Therefore L is described in terms of its socle only.
Combining the aforementioned results we obtain some structural insight for the general case. Any CSA H of L decomposes 77 = 0(7/ n LA), and 77 n L¡ is a CSA of L¡. Any ideal J of L decomposes J = 0(7 n LA).
Proof. Decompose L = 0¿=1 L; into indecomposable ideals. According to (1.1) all summands, except possibly one, have faithful irreducible representations of dimension < p . In particular, all derivations of these are inner. This observation immediately yields that H and / are decomposable as wanted and that 77 n L¡ is a CSA of L(. D
III. Applications to classification theory
In [6] of Block-Wilson, in which they classified the restricted simple Lie algebras, the problem which we have discussed in this note occurs in the following manner. Starting with a restricted simple Lie algebra L, they consider twosections A = J2^i"+j8 where a, ß are G F (p)-independent roots with respect to some torus. These algebras are restricted, every torus has rank at most two and every CSA acts triangulably on A . They choose some particular torus ("optimal") T of A and some maximal subalgebra A0 ("distinguished") which contains the CSA CA(T). By means of an irreducible /l0-submodule of A/AQ one defines a standard filtration and considers the associated graded algebra G. G inherits the following properties from A : There is some restricted subal-gebra G0 which contains a CSA CG(T) of G. T then is a maximal torus of G0 of dimension 2 and CG(T) acts triangulably on G. In addition, G0 acts faithfully and irreducibly on G_, . In Chapter 7 of [6] Block-Wilson deal with the case that G0 has toral rank 1 with respect to T (or equivalently, with respect to the CSA CG (T)) and dim G_x<lp < p -3p .
Similarly, the above-mentioned problem occurs in some forthcoming paper of Benkart-Osborn [2] . They start with a CSA 77 of a simple (nonrestricted) Lie algebra L and consider a two-section K = £) L. . " where a, ß are roots with respect to 77 which are GF(p )-independent but /"-dependent. They, too, consider a graded algebra G, obtained in the same way as Block-Wilson, and obtain in [2] Let 77 be a CSA of L such that L has toral rank 1 with respect to 77. Then Theorems (II.7) and (11.10) reduce to a much simpler structure. We refer to [14] for the following. Proof. We prove first that (l)-(5) of the theorem are true for L instead of L and finally will show that the same results are true for L.
( 1 ) Assume first that L /J is one-dimensional and not [p]-nilpotent. Then there exists a toral element h e L \J (which then acts semisimple on J). Decompose J = ^ffJ¡ into root spaces with respect to adh\} . Since this is a semisimple endomorphism, J¡ is in fact the eigenspace. Since / is abelian, / admits an eigenvalue function E e J* and J¡ n ker(L') is an ideal of Lp . This acts nilpotently on U, and therefore is zero. As a result, dim J¡ < 1. This is case (1) . (2 (5) We endup with: tp(L) is isomorphic to 5/(2) or W(l; 1). Applying the results of (3) we obtain that C(Lp) f 0. J/C(L ) is a restricted cp(Lp)-module of dimension k < p . Computing traces one gets From [16] we conclude that S(L)/C(L) is one of the following simple algebras:
5/(2) ,W(l;l),W(l;n)(n>2),H(2;n; <p){2).
( It is proved in [ 13] that the faithful irreducible modules of the nonsplit central extension of W(l ; 1) have dimension > pp~[/ which is at least p2 (as p > 3). Therefore the extension splits. 
